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Abstract
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1 Introduction

This paper deals with the following linear optimization problem
P: Sup (5 x)

<G’I7I> S Efn te Ta (1)
x € Q,

s.t.

where T is an arbitrary index set, possibly infinite, () is a convex cone in a real
Banach space X, ¢ and a;, t € T, belong to the topological dual of X, de-
noted by X*, and b;, t € T, are real numbers. P is an infinite-dimensional op-
timization problem with possibly infinitely many linear inequality constraints
(depending on the cardinality of T).

Problems of this type have relevant applications in sciences and technology. A
number of them are reported in [1] and [17], where the reader can find com-
prehensive overviews of infinite-dimensional and semi-infinite optimization,
respectively. See also [3], which is confined to the so-called continuous problem
(when the index set T is a compact Hausdorff space and the functions ¢ — a;
and t — b; are continuous).

We assume that @ is closed and that the set {a}, t € T} C X* is fixed,
arbitrary, and bounded for the dual norm in X* defined by

"] := sup {{z", ) : [lzf] < 1}.

(If no confusion arises, we use the same notation || - || for the given norm in X
and the corresponding dual norm in X*.)

As a consequence of the boundedness assumption and the generalized Cauchy-
Schwarz inequality we have that, for every z € X,

(aly, ) € loo(T),

where (. (T) is the real Banach space of all bounded functions on 7" with the
supremum norm

P € Loo(T) = [|plloc := sup [pe].
teT

The subscript oo in the norm symbol will be omitted if no confusion arises.
When the index set T" is compact and the functions a( are continuous on 7',
we may substitute ¢ (7T") by the space C(T') of continuous functions over a
compact set.

By means of the linear mapping A : X — ((T) defined as Az := (a(,, ),



the problem P can be reformulated as

P:  Sup (¢", x)
Az < b, (2)

s.t.
x € Q.

Here b = (Bt)teT' Thanks to the boundedness of {a}, ¢ € T} the linear
operator A is bounded, and so continuous, as

|Al| = sup [[Az|| = sup sup|(a;,z)| < sup sup|la;| ||z]| = sup [|a;| .
le<1 lefl<1 teT el <1 teT teT

If X is reflexive, associated with each ¢ € T there exists some z; € X such that
|z¢|| = 1 and satisfying (a}, ;) = ||a}]| ; this fact leads to ||A|| = sup,cr |laf]| -

The problem P is called primal as it has an associated dual problem D defined
as follows:

D: Inf <u,5>
A*pec —Q°,
s.t.
p =0,

where 1 € Uoo(T)*, A* : loo(T)* — X* is the adjoint operator of A, i.e.
(A", x) = (u, Azx), for every p € {(T)* and every z € X,

and )° is the dual cone of @)

Q°={q¢ € X": (¢",q) <0 forall g € Q}.

This dual problem falls in the duality model introduced by Kretschmer in
[24] and it is developed here at an intermediate level of generality between
the approaches in Duffin [14] and Borwein [2]. Anderson and Nash have given
a detailed account of this theory in [1, Chapter 3|. In fact our pair of dual
problems P and D are particular instances of problems IP and IP* in [,
pp. 38 and 39], respectively. Here A is a continuous linear mapping between
X and /. (T) with respect to the norm topologies, but Proposition 5 in [1,
p. 37| applies to guarantee that our dual pair falls in the model studied in
that book [1, Section 3.3]. Actually, the theory in [1, Section 3.3] is built in a
reflezive context (dual pairs of vector spaces), but the reflexivity is required
only in order to guarantee that the dual of the dual problem I P*, i.e. [ P** is
identical to I P. Therefore, the reflexivity assumption has no influence in the
arguments used in the proofs when this second dual I P** is not involved.



The dual objects we study in the paper are the associated feasible sets
Fp::{xeX: AxSEandeQ},

and
Fp:={pel(T) : A'uecc —Q° and > 0},

the optimal values

= ¢ ;= inf b
vp xsgu}g (¢",x) and wp #1€nFD <u, b>,

and the optimal sets
{r e Fp: (¢,x) =vp} and {p€ Fp: <p,,5> =up},
respectively.

P (D) is said to be consistent if its feasible set is nonempty; similarly, it is
said to be solvable if its optimal set is nonempty.

The aim of this paper is to provide characterizations of the Lipschitzian sta-
bility of feasible solutions for both the primal and the dual problem in this
infinite-dimensional setting. We do not require X to be reflexive. For the
primal problem we describe a formula for the associated Lipschitz modulus
(Theorems 7 and 8) and for the dual problem we give bounds for its Lipschitz
exact bound (Theorems 18 and 19); the situation for the dual is much more
involved than the case of the primal problem. In doing this we use standard
tools from variational analysis as the notion of coderivative and its norm,
and their relationship with the exact bound of the Lipschitzian moduli (see
definitions in Sections 2 and 3).

Stability is a paradigmatic issue in optimization, and many users prefer to
handle a good-stable solution instead of an optimal-unstable one. We refer
the reader to [9] for the study of qualitative stability (formalized through cer-
tain semicontinuity properties of the feasible and the optimal set mappings) in
semi-infinite optimization (i.e. X is the Euclidean space and T an infinite set),
and to [11] and [12] for this type of analysis in infinite-dimensional program-
ming. In relation to the quantitative perspective (via Lipschitzian properties),
some relevant references are [4] - [8], etc. In some of these papers special
attention is payed to the case in which only continuous perturbations of cer-
tain particular coefficients are considered. The recent survey [25] provides a
panoramic of what has been done in the last fifteen years from both quali-
tative and quantitative perspectives. The closest references, from which this
paper receives inspiration, are Canovas et al. (8], and Ioffe and Sekiguchi [20],
as well as the very recent preprint [19].

The paper is organized as follows. After Section 2, devoted to notation and



basic definitions, Section 3 provides some duality results concerning our dual
pair. Section 4 describes briefly the primal and dual feasible set mappings,
whereas in the second part of the paper (Sections 5 and 6) we study the
stability of the feasible set mappings associated with P and D when pertur-
bations of the objective function (¢*, z) and of the terms in right-hand side of
the constraints, i.e. of b;, t € T, are considered. The stability analysis is done
via the Lipschitz-like property of the involved mappings.

2 Notation and basic definitions

For a given subset 2 C Z of a Banach space Z, we denote with conv () and
cone () the convex hull of 2 and the conical convex hull of €2, respectively.
From the topological side, we use the symbols w and w* to indicate the weak
and the weak* topology, respectively, and w-lim and w*-lim represent the weak
and the weak® topological limits, respectively. int {2 and cl€2 are the interior
and the closure of 2 with respect to the norm topology, respectively; cl* Q2
stands for the closure in the weak topology; and cl* ® is the closure in the
weak™ topology of a given subset ® C Z* in the dual space. We also make use
of the property that for convex sets, the norm and the weak closures coincide.

Furthermore for any z € Q C Z, with Q convex, we denote by N(Z;(2) the
normal cone to € at Z which is given by

N(zZQ)={z"e€Z": (z*,z—2) <0 forall z€ Q}. (3)
Along this paper we shall consider different dual pairs {Z, Z*}, Z being en-
dowed with the original topology of the norm, meanwhile Z* is endowed with

the weak® topology. In particular it is well known (see, for instance, [15]) that
there is an isometric isomorphism between ¢ (T")* and the space

ba(T) = {,u: 27 — R: j1 is bounded and additive} ,

satisfying the relationship

(1, p) = /Tpt p(dt)  with p = (pi)eer.
The dual norm on /. (7T")* is the total variation

€ Loo(T)" — || == ilél%ﬂ(A) — jnf u(B).

It is obvious that if 1 > 0 we have ||p|| = u(T), since u(0) = 0.



Given an arbitrary set S, we denote by R(f) the set of all A = (), g, With
0 < Xy € R, for all s € S, and such that Ay # 0 for at most finitely many
seS.

On the multivalued mapping side, given a set-valued mapping M : 7 = Y
we denote its domain, graph and inverse mapping by

dom M :={z€ Z: M(z2) # 0},
gph M :={(z,y) € Z xY :y € M(2)},
M_l(y) = {Z S (Zay) S gphM}7

respectively.

If Z and Y are normed spaces, M is said to be Lipschitz-like around (Z,7) €
gphM (locally Lipschitz-like in [28]) with modulus ¢ > 0 if there exist neigh-
borhoods U of z and V' of § such that

ME)NV C M(u)+ ||z —u||By, forall z,uel, (4)

where By is the closed unit ball in the space Y. The infimum of such moduli ¢'s
over all possible combinations {¢, U, V'} satisfying (4) is called the ezact Lip-
schitzian bound of M around (Z,7) and is denoted by lip M (Z,7) ; it admits
the following representation:

. SO dist(y, M(z))
lipM (Z,9) = limsup — ,
(2,9) (z7y)_>(2§)dlst(z,/\/l_1(y))

where inf () = oo (and so, dist(z,0)) = o), and we adopt the convention
0/0 := 0 and oco/oc0 := co. We put lip M (Z,y) = oo if M is not Lipschitz-like
around (Z,7) . Observe from (4) that if M is Lipschitz-like around (2, 7), then
Z € int(dom M).

This Lipschitz-like property of a mapping M : Z = Y between Banach spaces
is equivalent to the metric regularity property and also to the linear openness
of the inverse mapping M~!:Y = Z. (See [28] and references therein).

The exact Lipschitzian bound of M around (Zz,y) satisfies the following rela-
tion

lip M (2,5) = {sur M~(g,2)}
where sur M~1(7,2) is the so-called rate of surjection (openness) of M™
around (7, 2), defined as follows (see, for instance, [20, p.256])

1
sar MY(7,2) = liminf ~sup {7" >0:2+1mBy C M (y+ )\IB%Y)} :
(4,2:0)—=(y,2,07)



where B, and By are the closed unit balls in Z and Y, respectively. When
sur M~ (g, 2) = 0, one gets lip M (Z,9) = 400, and M is not Lipschitz-like
around (Z,7) .

Finally, given M : Z == Y and (2,y) € gphM, the coderivative of M
at (Z,9) (normal coderivative in [28]) is the positive homogeneous mapping
D*M (2,9) : Y* = Z* defined by:
D*M (27 37) (y*) = {Z* SV (Z*a _y*) € N(('%\) @\) 7gphM>}7 y* € Y*>
(5)
where N((Z,7) ; gph M) is the limiting normal cone to gph M at (Z, §) defined

in [28, p. 4], and that is given by (3) when gph M is convex. The norm of this
coderivative is defined as

DM (Z,9)l| = sup {[|z*]| : 2" € D°M(Z,9) (), lly*l| <1}.  (6)
The notion of coderivative is recognized as a powerful tool of variational analy-
sis when applied to problems of optimization and control (see [22], [28], [29],
and the references therein). In [8] they were applied by the first time to analyze

the stability of primal inequality systems in semi-infinite programming.

According to [20, Theorem 3 ], the convex set-valued mapping M ™! is perfectly
reqular at (7, %) € gph M~ if and only if

st MH(G,2) = inf {||y7]| -y € DM (5,2) (%), [|=7] =1}
If M~ is perfectly regular at (7, z) € gph M1, the following equality holds:
lip M (2,7) = [[D"M (Z, 7).

In fact we have (see [20] for more details)

-1

lip M (2,§) = (sur M~1(5, 7))
= (inf {Jly° ]| : (=*,y") € gph DM (7.2), [ =1}) "
—sup {Jly"| "+ (",y") € gph DM (5,2), |7 = 1}
—sup {||*] : (", 2") € —gph DM (2,), [ly°]l <1}

=sup {[|z*][ : 2" € DM (2,9) (v"), [yl <1}.



3 The feasible set mappings

If we allow for perturbations ¢* € X* and b € ¢ (T) of the fixed ¢* and b, we
may consider the perturbed primal and dual problems

P(b,c*): Sup (¢"+ c*, x)
(af, ) <bg+by, t€T, (7)
TeQ,

and
D (b,¢*): Inf <,u,5 + b>

A*ILL €T 4+ — QO, (8)
1> 0.

s.t.

In order to study the stability of this dual pair we will consider the feasible
set mappings Fp : loo(T) = X and Fp : X* =3 £oo(T)* defined as follows:

Fpb) :={re X: Ar <b+band z € Q},

and
Fp(e®) ={p€l(T) : A'pec +c" —Q° and u > 0}.

The corresponding inverse mappings are

- Ar —b+ 0 (T),, ifzeqQ,
fpl(x) = +

0, ifx ¢ Q,

and
B A'p—c 4+ Q°, if u>0,
~7:D1(M) =

0, otherwise.

Our main objective in this part of the paper is to characterize the Lipschitz-
like property of Fp and Fp, which is equivalent to study the metric regularity
of Fp' and Fp' at the respective points (0,Z) € gph Fp and (0,7) € gph Fp,
and to determine both exact Lipschitzian bounds (or regularity modulus).
Throughout the paper the nominal parameters are the zero function b =0 €
loo(T) for the primal problem, and the zero functional ¢* = 0 € X* for the
dual problem.

It is well-known that this property has important consequences in the overall
stability of any constraint system, as well as in its sensitivity analysis, and it



affects even the numerical complexity of the algorithms conceived for finding a
solution of the system. In mathematical programming many authors explored
the relationship of this property with standard constraint qualifications as
Mangasarian-Fromovitz, Slater, Robinson, etc. A deep study of this important
property and of its consequences can be found in [13],[18], [20], [26], [27], etc.

The following reformulations of the perturbed primal and dual problems will
allow us to apply known results in order to study their stability properties:

P(b,c*): Sup (¢, z) + (c*, )
(aj,z) <b +b, teT, (9)

(¢*,z) <1, ¢ €qQ°,

s.t.

and
D(b,c*): Inf <M,B> + (p, b)
(1, Ag) > (@) + (¢".q), g € Q, (10)
(u,p) > —1, pelo(T)s,

where Q is a convenient closed bounded set not containing the null vector and
spanning the cone (), which will be the general assumption on () from now
on.

As usual in convex optimization, the Slater condition is also very important
in the study of the stability of the feasibility of these perturbed problems.

Definition 1 Fp satisfies the strong Slater condition at b € (o (T) if there is
some T € @ such that

sup {(a?,:ﬁ} — by — bt} < 0. (11)

teT

Any point satisfying condition (11) is a strong Slater point of Fp at b.

Definition 2 Fj satisfies the strong Slater condition at ¢* € X* if there is
some [i € Uoo(T)*, i > 0, such that

126% {(n, Aq) — (€ + ", q)} > 0. (12)

Such a i is called a strong Slater point of Fp at c*.

It is worth to mention that this second definition is independent of the choice
of any particular closed bounded set () not containing the null vector and
spanning the cone Q).



We also say that P (b,c*) satisfies the strong Slater condition at b if there
exists some strong Slater point of Fp at b; similarly for D (b, ¢*).

Notice that 0 ¢ clconv@Q whenever Fp satisfies the strong Slater condition
at a point ¢* € X*, and this condition entails that the cone () is pointed.
Moreover, if Q is a compact base of @ this condition is also implied by (15).
In this case, observe also that if i is a Slater point of Fp at ¢* we have that
the infimum

ini {<Ia7‘4q> - <E* + C*7q>} = ini <A*/7’ —c - C*7q>
q€qQ q€eQ

is attained at some point of~C~2 and so, it is positive. This is a consequence
of the weak compactness of (), and shows that in this case the typical Slater
condition and the strong Slater condition are equivalent.

4 Some duality theory

In this section we provide some specific duality results concerning the nominal
problems P = P(0,0) and D = D(0,0). Before that we introduce two convex
cones:

a) The first one is
H :={(Az,(c",x)): 2€Q} + loo(T); x (—R4), (13)

where (., (7). is the positive cone in ¢ (7). It can be easily seen that P is
equivalent to the problem

Sup r
s.t. (b,r) € H.
b) The second one is
K :=(Ry conv{(af,gt) te T}) + Q° xR, (14)

Along the paper we use some cgnvenient sets Q spanning the cone @), i.e. sets
such that 0 ¢ @ and @ = R,.Q. In particular, we say that Q has a compact
base @ if there is some T* € X*, ||z*|| = 1, such that the set

Q={q€Q: T ,q =1}, (15)

is weakly compact and spans . According to the observation in the last
paragraph of p. 85 in [16], @) is bounded as a consequence of the Banach-
Steinhaus theorem [16, Th. 3.15]. Moreover, when X is reflexive, the fact of

10



assuming that () has a compact base, entails that (° has nonempty interior
for the topology associated with the dual norm (Theorem 3.16 in [1], see also
[16, Prop 4.36]).

Lemma 1 Suppose that the closed convex cone Q has a compact base Q. Then
the following statements are equivalent:

(i) There is no z € Q such that Az < 0 and (¢*,z) > 0.
(17) There exists a strong Slater point of Fp at 0.

Proof. (ii) = (i) Reasoning by contradiction, suppose that there exists
b€ loo(T)*, i > 0, such that

for a certain closed bounded set @ not containing the null vector and spanning
the cone (), and suppose that, at the same time, there is zg € @) satisfying
Azg <0 and (¢*, 29) > 0. From that and i > 0 we get

<ﬁ7AZ0> o <E*7 Z0> <0,
contradicting (16).

(i) = (ii) Take to ¢ T and define T := T U {t}. Consider then the linear
mapping A : X — ((7T') such that

ﬁ(x) = (AQS, <_6*>$>)>

i.e.

(A(2)) (t) = (aj,2) if t € T, and (A(2)) (to) := (—T", ).

The linear mapping A is bounded and then, continuous. Applying statement
§20.4(5) in [23] (see also Proposition 5 of Ch. 3 of [1]), we know that A is also

continuous with respect to the weak topologies in X and KOO(T), and therefore
the image set A(Q) is convex and weakly compact. Since (i) can be formulated
as s B

AQ) N (~L(T)1) =0,
we can apply the strong separation theorem (§ee, for instance, Theorem 3.17

in [16]) to establish the existence of i € {o(T)* together with two scalars «
and [ such that

<ﬁ,ﬁq> >pB>a>(up), forall g€ Q and all p € —EOO(T)+. (17)

Because 1 is finitely additive on 2%, we decompose

~ —~

i = ([, ),

11



with 7i : 27 — R bounded and finitely additive and p := i({to}). In this way,
itScCT,

(S U {to}) = fi(S) + .

Moreover, if p € lo(T), i.e. if p = (p, p) € loo(T) x R, we have

(1, p) = /fﬁtﬁ(dt) = /Tptﬁ(dt) + pp = (i, p) + pp. (18)

Now (17) is written as follows

(i, Aq) — p (e q) 2 B > a 2 (B, p) + pi, (19)
Vg € Q and Y(p, p) € (—lo(T)+) x (=Ry).

We proceed with the following discussion:
(a) Taking into account that (—¢(7");) X (—R,) is a cone, we can take v = 0.

(b) If © < 0, we can take p = 0 and p > 0, and the last inequality in (19)
would fail; so p > 0.

(by) If =0, (19) gives rise to
(i, Ag) = B> 0 > (fi,p) , Vg € Q and Vp € —Loo(T)4.

Then i > 0. Since @ is weakly compact, it will be bounded, which entails the
existence of a constant M such that

(&, a)| < M, Vg € Q.

By defining

we get

(Tig: Ag) — (e*,q) = 2" (11, Ag) — (", q)
2B—M=M>0, YgeQ,

v

(by) If > 0, we divide (19) by p and defining i, := iﬁ, one has

(fiy, Aq) — (@, q) > B/u >0, ¥g € Q.

12



To exclude the existence of duality gap (i.e. that vp # vp) under certain
assumptions we need the following lemma, which is an adaptation of Theorem
3.17 in [1] and concerns the notion of compact base of a cone.

Lemma 2 If Q has a compact base Q) and there exists a strong Slater 1L point
of Fp at 0, then the set H s closed.

Now we establish our duality theorem.
Theorem 3 If P is consistent, then the following statements hold:
(1) vp < wvp and, if D is also consistent, both values are finite.

(17) If vp is finite, Q has a compact base, and there exists a strong Slater point
of Fp at 0, then there is no-duality gap (i.e. vp = vp) and P is solvable.

(1ii) If vp is finite, and the cone K defined in (14) is w*-closed, then there is
no-duality gap and D is solvable.

Proof. (i) If P is consistent and D is inconsistent, then vp < +o00 = vp. If
both problems are consistent, take x € Fp and pu € Fp. Since u € Fp then
1 > 0, and there must exist ¢* € )° such that @ = A*u + ¢*. The result is a
trivial consequence of the following observation

(@ 0) = (A"p2) 4+ (0", 2) < (A"pa) =, Aw) < (5.

(77) By Lemma 2 H is closed, and the proof is a mere adaptation of the proofs
of Theorems 3.9 and 3.22 in [1].

(77i) Obviously the inequality (¢*,z) < vp is a consequence of the consistent
system
{{a},2) <b, t€T; (¢"2) <0, ¢ €Q},

since ) = Q°° (see, for instance, Theorem 4.32 in [16]). Applying the asymp-
totic Farkas Lemma (Theorem 4.1 in [10]), we get

(¢,vp) €cl"K = K,
and there exist \° € RSFT), g, € )°, and p, > 0 such that

(@ vp) =N (aj,@) + (@0, po)- (20)

teT

If we consider
Lo =D A)0: € Lo(T),

teT

where 0; € {o(T)" denotes the Dirac measure defined by (&, p) = p;, for any

13



p € lso(T), is is easy to see that A*yy = X,cr Aat, and therefore (20) yields

E* — A*,uo + qo aIld UP = <ILL0,B> + po.

The first equality above shows that i, is a feasible solution of D, and conse-
quently

up < <M075> < <M0>B> + po = vp.

This inequality, together with the weak dual inequality established in (i), gives
vp = vp and shows that p, is optimal for D. R

5 Lipschitzian stability of the primal feasible set mapping

In Cénovas et al. [8] the Lipschitz-like property and the calculus of the exact
Lipschitzian bound for a certain primal feasible set mapping are related to
some characteristic set. In the present setting we need to take into account the
conic constraint x € () as well. Therefore, we define, as in [8], the characteristic
set of Fp(b) as the convex subset of X* x R spanned by the set of coefficients
of the constraint system:

Cp (b) == conv ({(af b+ b;) st € T} U(Q° x {1})) . (21)

We observe that

cone Cp (0) =R, Cp (0) = K,
where K is the cone defined in (14), and a closedness condition for the absence
of duality gap is related to this set according to Theorem 3(iii).

We will obtain characterizations of the consistency of the primal problem, and
its Lipschitz-like property, normal cone, coderivative, and exact Lipschitzian
bound; all of these properties being expressed in terms of the given data,
mainly through this characteristic set Cp (b). Indeed these properties follow by
taking into account the expression (9) of the primal problem and by an almost
straightforward application of the results established in the just mentioned
paper [8], with the difference that now we need to pay special attention to the
unboundedness of the coefficients of the constraints (¢*,z) < 1, and observe
that any = € @ satisfies (¢*,z) < 0, for all ¢* € @Q°, since Q = Q°°. In
this way we can easily adapt the proof of Lemma 2.3 in [8] to prove that the
consistency of P (b, c¢*) is equivalent to (0,—1) ¢ cl* coneCp (b), and that a
consistent problem P (b, c*) satisfies the strong Slater condition if and only
if (0,0) ¢ cI"Cp (D), if and only if b € int (dom Fp), if and only if Fp is
Lipschitz-like around (b, z) for all = € Fp (b). In the following proposition we
show that if int Q # (), we can add a new condition to the previous list. If X
is reflexive, int @ # ) if and only if Q° has a compact base [1, Theorem 3.16].

14



Proposition 4 Let Fp (b) # 0. If int Q # (), then Fp is Lipschitz-like around
(b,z) for all x € Fp(b) if and only if there exists some T € X such that
(b,T) € int (gph Fp) .

Proof. («<)If (b,7) € int (gph Fp) , then b € int (dom Fp) which is equivalent
to Fp being Lipschitz-like around (b, z) for all x € Fp (b) .

(=) Let ¢ € int @ be fixed. Now Fp (b) # () and Fp being Lipschitz-like around
(b, z) for all x € Fp (b) gives that Fp satisfies the strong Slater condition at
b. If ¥ € @) is any strong Slater point for Fp at b, let
sup ((a;‘,@ — by — bt) < -9 <0,
teT
for some ¥ > 0. Put
M :=sup ||a}|| < +o0
teT

and 9

A= — > 0,

6 (1 + M) (llgll +1)

and observe that £+ \q € int ). Finally let » > 0 be such that 2+ A¢+u € @ for
|lul]| < 7. Hence, if u € X and b € l (T') are such that ||u|| < min {r,

and [|b']|, < 2, then

i

(af, @ + A7+ u) — by — b — by < {af, @) + lla7 | (Ml + llull) — b — b — b,

J1|q]| v v
<9+ M v
=-v+ (6(1+M)(|I§||+1) 6(1+ M) *%
)
< ——
< 2<0,

for all t € T'. Therefore (b,T) € int (gph Fp) for T =2 + A\g. W

Next we state the most remarkable results about the coderivative and the Lip-
schitz -like property. The proofs are omitted for the sake of brevity. The reader
can also find an alternative approach in the recent preprint [19]. With the aid
of the Dirac measures we can characterize the coderivative D*Fp (0, %) (*) as
the following result shows.

Proposition 5 Let 7 € Fp(0), p € €oo(T)", and z* € X*. Then u €
D*Fp (0,%) (z*) if and only if

(u, —z*, — (*,T)) € cl” (cone{(—ét,af,gt) , te T} + {0} x Q° x {0}) .

Theorem 6 Let & € Fp(0), then Fp is Lipschitz-like around (0,Z) if and

only if
D*Fp(0,2)(0) = {0}.
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Theorem 7 Let T € Fp(0). Then,
(i) If T is a strong Slater point of Fp at b =0, then |D*Fp(0,2)| = 0.

(i1) If T is not a strong Slater point of Fp at b = 0, then ||D*Fp(0,2)| > 0
and it can be calculated as

|D*Fp(0,Z)] = sup {Ha:*”fl (z, (2", 7)) € " Cp (O)} (22)

Remark 1 In case (ii), if the strong Slater condition is not satisfied at b = 0,
then (0,0) € clI* Cp (0) and according to (6), we get | D*Fp(0,Z)|| = oo.

Theorem 8 Let = € Fp(0), then

lip Fp(0,2) = || D*Fp(0, Z)]| (23)

Remark 2 This result is also a consequence of the perfect reqularity of Fp*
at (z,0) which can be proved following an argument similar to the one used
in [19, Proposition 5]. If the strong Slater condition is not satisfied, then both
terms in (23) are +00.

6 Lipschitzian stability of the dual feasible set mapping

From the dual point of view we will show similar properties as in the previous
section in relation to the Lipschitzian stability of the dual feasible set mapping
Fp. Here special care is required since the perturbations (c*,q) on the right
hand side of the dual constraints have some special structure and the theory
developed in [8] does not apply in general.

In this section we will consider fixed a bounded closed set Q not containing
the null vector and spanning the cone Q).

Now the characteristic set of Fp(c*), relative to Q, is defined as the following
convex subset of (o (1) x R:

{(Ag, (& +¢*q) 1 q € Q}

(24)
U{(p.—1) 1 p € L(T), }

Cp (¢*) := conv

Observe that
coneCp (0) =R, Cp (0) = H,
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where H is the cone defined in (13), and a closedness condition for the absence
of duality gap is related to this set according to Theorem 3(ii) and Lemma 2.
(H does not depend on the choice of ).)

6.1 Characterization of stably consistent dual problems

The stability with respect to the consistency of the dual problems will be
analyzed through the mapping Fp by noting that a dual problem D (b, ¢*) is
stably consistent if and only if ¢*€ int (dom Fp). Observe that an application of
the classical Robinson-Ursescu theorem ( [18], [28]) implies that this condition
is equivalent to Fp being Lipschitz-like around (c*, ) for all u € Fp (c*),
because the graph of Fp' : (o (T)* = X™ is closed and convex, and £, (T)*
and X* are Banach spaces.

Lemma 9 Given ¢* € X* and the following linear system posed in lo(T)*

e { (1. Ag) = (¢ + "), g€ Q } )

(,p) > =1,  pelo(T),
then
op(c) is consistent (i.e. ¢ € dom Fp) <= (0,1) ¢ cl H(c"),
where
H(c") ={(Az, (T + ", z)): x€Q} + lo(T)y x (—R,).
(Observe that H(0) = H.)

Proof. It follows directly from Theorem 3.1 in [10]. ®

Proposition 10 Let ¢* € dom Fp. If we suppose that 0 ¢ cl ConV@ , then the
following statements are equivalent:

(1) There is some i > 0 that is strong Slater for Fp at c*.
(17) (0,0) ¢ cl* Cp ().
(i73) c*€ int (dom Fp)

Proof. (i) < (ii) and (i) = (ii7) are proved following the same arguments
of the proof of Lemma 2.3 in [8] to the system (25) posed in £ (T)".

(#9i) = (i) If ¢*€ int (dom Fp) then ¢* + ¢* € dom Fp whenever ||c*| < ¢
for £ > 0 small enough. On the other hand, 0 ¢ clconv (@) and the strong
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separation property gives the existence of * € X* ||z*|| = 1, and § € R such
that

(*,¢) > >0 forallqgeQ.

Now, for ¢* = ex*, there exists ji > 0 such that
(i, Aq) — (& + " +¢*,q) > 0 for all ¢ € Q.
Take any such ¢ € Q. From
(", q) =¢e(x*,q) >eB >0
it follows that
(1, Aq) — (T 4", q) > (", q) > B > 0.
Hence ji > 0 is a strong Slater point of Fp at c¢*. B

Remark 3 Observe that the hypothesis 0 ¢ cl conv Q is only needed for the
implication (iii) = (i). Recall also that the ezistence of a strong Slater point
implies the condition 0 ¢ clconv @ Another important observation is that
indeed condition (ii) (0,0) ¢ cl* Cp (c¢*) is equivalent to (ii)’ (0,0) ¢ clCp (c*),
but we prefer to keep the cl* mnotation because we will always be considering
the w*-topology on e, (T)™ .

6.2 Characterization of coderivatives

Let us note that when z** € X and b** € (,(T') in Proposition 11 and Theorem
13 below, we may replace the weak*-closure by the norm closure because we
are considering the closures of convex sets.

Now we will give a characterization of the normal cone to gph Fpp at (¢*, i) .

Proposition 11 Let (¢*,i) € gphFp and let (z**,0**) € X*™* X {o(T)"™.
Then

(z™*,b™) € N ((¢", 1) ; gph Fp)
if and only if — (x**,b**, (¢*, 2**) + (11, b**)) belongs to

cl” {{(_q7 AQ> <E*> q>> VS Q} + {0} X EOO(T)Jr X (_RJr)} : (26)
Proof. The proof follows from the definition of N ((¢*, i) ; gph Fp), by taking
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into account that the set gph Fp can be expressed as

Al (. Ag) = (@.q) q € Q

gph Fp =< (¢, 1) € X* X Uoo(T)
((c*;1),(0,p)) > =1, p€loo(T),

b

and applying the asymptotic Farkas Lemma (Theorem 4.1 in [10]). H

The following lemma will be used in the proof of the next theorem which
provides a characterization of the coderivative of Fp at any given (0,71) €

Lemma 12 Letp € Fp(0), z € X* and b** € KOO(T)**. Ifx™ € D*Fp(0, i) (b*)
then there exists a net

(@, pv}ven C Q X EOO(T)Jr

such that

*

= w-limyen Gy,

b = w*-limyen (Ag, + 1),

<ﬁ> b**> = lim,epr <E*> QV> :

Moreover, if i is strong Slater for Fp at 0, then ** = 0.
Proof. Let ji € Fp(0), z € X**, and b** € (o(T)™" be such that z** €
D*Fp(0, 1) (b*). From the definition of the coderivative given in (5), z** €
D*Fp(0,12)(b*) if and only if (z**, —b**) € N ((0, ) ; gph Fp), if and only if
(by Proposition 11) (—x**, b**, (i, b**)) belongs to the set in (26).
Then there exists a net {(q,, Py, =7, bven C Q X €eo(T), X (=R ) such that

(_‘T**7 b**7 <:Dv b**>) = w"- lienj\l/{(_qm AQm <E*7 qV>) + (Oapuv _’71/)} : (27)

Clearly
T = wl}lerjr\l/ Qs
b = w*- llerjr\l[ (Ag, +po), (28)
and
(1, 67) = m ((€, 4,) —7,.). (29)

Applying expression (27) to (0,7, —1), and from (fi,p,) > 0 and i € Fp(0),
one gets
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0=lim ({7 Agu + po) = (".00) + )
>limsup ((A*i, q,) — (€%, q.) +7,)
veN

>limsup~y, > 0.
veN

1m A —
VEN v 0

Finally, assume that ji is strong Slater for Fp at 0 and let ¥ > 0 be such that

inf {(@, Aq) — (c",q)} > ¥ > 0.
qeQ

Then, from (28) and (29),
lim (72, Ag, +py) = (i, 6™) = lim (", q,) . (30)

Moreover we can express ¢, = p,q, with ¢, € @ and p, > 0, for all v € N,
and from (30)

0= limyej\/' {</j7 pVAE]VIJ + pl/> - <6*7 pyal/>}
Z lim SUP,en Py (<A*ﬂ, (ju> - <6*7 al/>)
Z 79 lim SuPue/\/’ Pu-

The fact that ¥ > 0 yields lim,cparp, = 0. Since z** = w*-lim,cp q, we
obtain, as a consequence of the w*-lower semicontinuity of the norm, and the
boundedness of (@,

| < g [ o] < . _
Iz < lim inf flp, ¢, || < (jg@lg“qll) (}g}&py) 0,

which gives x** = 0. R

Theorem 13 Let fi € Fp(0). If 2 € X** and b** € l(T)™, then z** €
D*Fp(0,1)(b*) if and only if (x**, b, (i, b**)) belongs to

ol {{(2. A0, (c". ) - 4 € Q} +{0} x £x(T), x {0}}.

Proof. (=) It follows readily from the previous lemma.

(«<=) The definition of D*Fp (0, 11)(b**) and Proposition 11 applied to (z**, —b**)
give the result. W
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Lemma 14 Given ji € Fp(0) the following statements hold:
(1) If Q is bounded and fi is not a strong Slater point of Fp at 0, then the set

Sp = A{b"" € loo(T)™] (0™, (,b™)) € cI"Cp (0)} (31)
18 non empty and w*-closed. Moreover, Zf@ 18 a compact base of @), then

{b € loo(T) (b, (1,1)) € Cp (0) } # 0.

(i1) If i is a strong Slater point of Fp at 0, then Sp = ().

Proof. (i) If /i is not a Slater point of Fp at 0, there exists a sequence
(qr)52; C @ such that

First suppose ||q|| < R for any ¢ € Q. Since Aq € Lo (T) one has

1 Aqll,, =sup {|(i, Ag)| = 1 € Lo (T)", [|1ul] < 1}
= | Aqll,
=sup {|(a;,q)| : t € T}
< Rsup {[laf|| : t € T},

for any ¢ € C:) Thus the set {Aq, ¢ € Q} is bounded in ¢ (T)**, and then
cI"{Ag, q € Q} is w*-compact by Alaoglu Theorem. Thus there are a subnet
{ak, },en from the sequence {q;},cy, and some b € clI"{Aq, ¢ € Q} such
that

Lim (1, Agy,) = (1, 0™)
for all p € £oo(T)*. Hence
(,07) = lim (@i, Agy,) = lim (&, g, ) ,

which implies

(5, 1, 6)) = ™ lim (Agu,. (", )

el {(Aq, (¢",q)), q € O}
Ccl” Ch (0) .

Hence Sp is not empty. Furthermore, Sp is the preimage of cl* Cp (0) under
the w*-continuous aplication b** — (b** , (i, b** )) on l(T)*™, so Sp is w*-
closed in £ (T)**.

Now assume that @ is a compact base and put S := {b € oo (T)| (b, (11, b)) €
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Cp (0)}. There exists a subnet (gx ),cn that weakly converges to some element
g € Q. Then, (32) gives

(i, Ag) = lim (AR, qi,) = lim (", q,) = (€ 7) ,

and therefore
(A7, (1, A7) = (Aq, (¢",9)) € Cp (0).
Hence,
Age s
and this set is nonempty.
(27) If 11 is a strong Slater point of Fp at 0, take ¥ > 0 such that

inf {(i, Aq) — (¢, q)} >V > 0.
qeQ

For any (b**, ) € cI* Cp (0) consider nets (A”),en C ]REFQ), (Y )ven C R@‘”(TM)
such that 35 _ )\ + Ypeto(r), Ty = 1 and

(0 0) = lim | > A7(Ag, (¢%q) + > p-D).  (33)

q€Q pELloo(T)

Without loss of generality suppose that both nets (Z o Ay ) Y and (Zpegm (1), fyg) Y

are convergent. By applying (33) to (ji, —1) we obtain

(.6 —a=Tlim § SO0 (3, Ag) — (€0) + X () +1)

q€Q PELoo(T)
ST T
qeQ peloo(T)
>0,
which gives that (b**, (i1, b)) ¢ cI*Cp (0). ®

Now we will make use of the following condition on the cone Q) :

(A): @ is a closed spanning subset of Q) such that there are two positive real
numbers r and R, and some T* € X*, ||T*|| = 1, satisfying

r<(@q <|ld <R (34)

for all q € Q.

Notice that in this case the cone @ is pointed. As an example we may take
any compact base @) of @), since () is bounded.
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The next theorem gives an estimate of the norm || D*Fp (0, it)|| , which will be
useful for providing an estimate of the exact Lipschitzian bound of the dual
feasible set mapping.

Theorem 15 Suppose that () satisfies condition (A) and that i € Fp(0).
Then,

(i) If i is a strong Slater point of Fp at 0, then || D*Fp(0, )| = 0.

(i) If i is not a strong Slater point of Fp at 0, then ||D*Fp(0, )| > 0 and

rA < |[D*Fp(0, p)|| < RA,

where

A=sup {b| 7 (07, (1, 6")) € " Cp (0) (35)

Proof. (i) Assume that /i is a strong Slater point of Fp at 0. By Lemma 12,
x** =0 when 2™ € D*Fp(0, 1)(b**), thus

1D Fp (0, )|} = sup {||™[| - ™ € D*"Fp(0, @)(b™), [Ib™[] <1} = 0.

(i3) If i is not strong Slater for Fp at 0, Sp is not empty and we can take some
b** € Sp (31). Then, from the definitions (24) and (31), since (0™, (i, b)) €

cl* Cp (0) there exist nets {\"} .\ C RSQ), {7 }hen C ngm*) such that

Z)\Z—l— > v, =1, forall v e N,

1€d  pele(T),

and

(b, (b)) = w' Tim | S (g, (@) + Y 75 (p—1)

q€Q PELoo (T

As in the proof of Lemma 12, it follows that

o=l 2 v
PELoo(T)

b — w*- lle% Z A Ag + Z Yol (s
€Q PELoo(T) 4
and
(767 = i N, (¢a).
qeQ
Now, take any fixed ¢; € @), and for each v €N | define

z, = Z)\Zq—i— 1— Z/\Z G € conv Q,

qeé qGé
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then

2ol < >_Allgll + | 1= 327 | llaull < R.
a€Q €Q
By Alaoglu Theorem we may consider, without loss of generality, that the
net {2z}, is w*-convergent to some z** € X**. Observe that z* = w*-

lim, e pr quQ .4 because lim, ¢/ Y0l Ay, = 1,and so z** € cl*(conv @) Then,

by (34), ||Z**|| > r and so, 2** # 0.
Now we have

(27,07, (0, b)) = w'-lim | A7 (g, Ag, (@,9) + 3. 2, (0.p,0) ],

€Q PEleo(T)
and so (z**,b™, (i, b)) belongs to
o {{(g. Aq. (", 0)) : € QYU {(0.0,0), p € t(T), }}.
Hence Theorem 13 gives
2 € D*Fp(0, 1) (b™).
Next we consider two cases:

(a) Fp does not satisfy the strong Slater condition at 0. In this case (0,0) €
cl*Cp (0) and we may take b** = 0; since 0 # A\z** € D*Fp(0,71)(0) for all
A > 0, it follows that

1D Fp(0, )| = +oo = sup { b || "+ (6™, (1,b™)) € cI* Cp (0) }.
(b) Fp satisfies the strong Slater condition at 0. If b** = 0 then (0,0) €
cl* Cp (0) which contradicts Proposition 10. Hence b** # 0 and
o7 = € D*Fp (0, W1~ o),
S0

|1 D" Fp(0, p)|| =sup {|[z™[| : 2™ € D*Fp(0, 1) (b1°), [|b77|| <1}

(36)
Moreover, from condition (A),

(T5,2,) >r>0 forallvelN,
which gives that

(T, 2 > 1 > 0,

24



and hence
|Iz*|l = sup |(z*, ") > (", 2™) >r > 0.

lz <1
From (36) we obtain
ID*Fp(0, @)l =[0I >0,
which holds for every b** € Sp, thus

1D* Fp (0, ) > v max { 57| " : (b, (1,6™)) € el Cp (0)} .

We can put "max" above because 0 ¢ Sp and Sp is w*-closed, so the w*-upper
. . . o wxl1—1 . . .
semicontinuous function b** — ||b**||” ", restricted to Sp, attains a maximum

on it, taking into account that, for any b5* € Sp, the set

{7 € Sp o™t = g~
is obviously bounded in ¢, (7).

To get the other estimate observe that from the definitions of coderivative and
normal cone we have

a™ € D” J:D(O,ﬁ)(o) (z*,0) € N ((0,72) ; gph Fp)
< ((@™,0), (", p) = (0,71)) <0 forall (c*,u) € gph Fp
& (™, ") <0 for all ¢* € dom Fp.

Now, since we are assuming that Fp satisfies the strong Slater condition at 0,
Proposition 10(iii) gives that 0 € int (dom Fp), hence ** = 0. Thus we have

™ € D*Fp(0,11)(0) © =™ = 0.
Therefore ||D*Fp(0, i1)| is equal to
max {0; sup {[|lz**|| : 2™ # 0,2 € D" Fp(0,a)(b™), 0 < [|b™| <1}}. (37)

For any z** € D*Fp(0,71)(b™), ** # 0, with 0 < ||[0**|| < 1, b™* € £oo(T)™
we can apply Lemma 12 to get the existence of a net

{(auapw/\u}uef\/' C @ X EOO(T)-y- X (R-F\{O})

such that

o = w*-lim,epn(AGy),
b** = w*' hmuEN ()\I/Agjl/ + pl/) ) (38)

<ﬁ7 b**> = hmue./\/ <6*7 Auqvu> .
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Observe that
0 < ||l <liminf ||A\,g, || < Rliminf \,. (39)
veN veN

If lim,en Ay = 400, (38) gives rise to (0,0) € cl* Cp (0), which contradicts
the current assumption that Fp satisfies the strong Slater condition at 0. So,

a = liminf \, < 400,
veN

it follows from (39) that o > 0 and, if we suppose that the own net {\,},en
converges to «, and from (38), we conclude that

(a0, {fi,a™'b™)) € " Cp (0) ,

because for each £ > 0 we have

((a+ )7, (i, (o + £)7'b™))
= wh-limyen {24 (A4, (@, 3) + 352 (6719, 0)},

and so

*Cp (0) > lim lw*-h% { AA (G, (7,3)) + — (6‘%,—1)}]

e—0t 48 )\

+e
:(Oéilb** <A lb**> +Eli%1 |: _hm (0 )\V+€>:|
_ (Oéilb** <A 1b**>

From 0 < ||b*|| <1, and ||2**]| < R « it follows that

-1

||| < Ra [l = R a7
< Rmax {07 " = (677, (,b7)) € ¢ Cp (0) .

Finally, we conclude from (37) that

1D Fp(0, )| < R max {[[5* |7 (b™, (@1,b™ ) € cI* Cp (0) }.
[ |

Remark 4 Notice that, from this proof, if Q = {q € Q : ||ql| = 1} (the nor-
malized cone) the constant r in this theorem can be obtained from the strong
separation property: since 0 & clconv @y, take any T € X*, ||z*|| = 1, and
r € R such that (T*,q) > r >0 for all q € Q. If we could choose r = R =1
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then, in case (b) of the previous proof, we would have the equality
1D* Fp (0, )| = max {[[5** |7 (0™, (@b ) €' Cp (0)}. (40)
We do not know if any equality holds in (35) in general cases with r # R.

Example 1 (Constantsr = R =1). Consider T' =N, X = {; and the closed
convex cone
Q= A{(x,) €ly:2, >0 for all n € N}.

Let 1* be the sequence in o = X* whose terms are all equal to 1, and let
ex,n=1,2,.., be the standard canonical vectors in ly,. Then (1*,x) =1 for
allz € Q :={q€Q:|qll, =1}, since |1*||, = 1, it follows that condition
(A) holds for Q withr = R = 1. If a¥ := —e* € Lo, and ¢ == —1* € ([, be
gwen, then [t = 0 is a strong Slater point of Fp at 0, while the Dirac measure
=081 € Fp(0) is not, hence the equality (40) takes place at (0,71) = (0,01).

Example 2 Let X = R? endowed with the Euclidean norm, T = N, ¢ =
(0,1), a,:=(1,2) for alln, i = 6,. Consider

Q={(x,y) eR”:y > ]},

and take ~

Q={(z,y) €Q:|z|+ |yl =1}.
Then ((0,1), (z,9)) = y > & and ||(z,y)|| < 1 for all (z,5) € Or, s0 we can
take r; = % and Ry = 1. (These are the largest r and smallest R we can choose
for Q1).

Another possibility is to take

@2:{(:U,y)€Q:y:2}.

Nowry =2 ({(0,1), (z,y)) =y > 2) and Ry = 2/2.
We have, fori=1,2,

C%(0,0) := conv ({((m +29) en s y) (z,y) € @Z} U {(p, —1):p€ly (N)+}) )

In particular,
C%(0,0) = conv ({((3: +4),en s 2) x| < 2} u {(p, —1):p€ly (N)+}) :
Then:
(i) max { b || 71 = (b, (@, b)) € ¢ CH(0,0)} =2,
(ii) max { ][5 || 7"+ (b, (1,6 )) € l" C3(0,0)} = § and
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R, max{||b** |71 (0 (3, 0% )) € el C%(0,0)}
(ii) | D*Fp (0, 5)]| = V2,
s0 |D*Fp (0, )| = Ry max {[[b ||+ (b, (@1, b )) € cI” C3(0,0)}

< Iy maX{Hb** |75 (0™, (1, b™ ) € oI Ch(0, 0)} , which implies that some-
times we can have the equality

V2,

1D Fp (0, @)l = R {IIb™ 7 (5, (@,b™ ) € I Cp (0},

but not always.
6.3 Lipschitzian bound for the dual feasible set mapping

Theorem 16 Let i € Fp(0) and suppose that 0 ¢ clconv Q. Then, Fp is
Lipschitz-like around (0, i) if and only if

D*Fp(0,)(0) = {0} .

Proof. (=) It follows directly from Theorem 1.44 in [28] by taking into
account that gph Fp is convex.

(<) Let D}, F(0, 2)(0) = {0} and suppose that Fp is not Lipschitz-like around
(0, 1) . Then, by the Robinson-Ursescu theorem and Proposition 10, (0,0) €

cl* Cp (0) and so there are nets {\"}, .\ C RSQ), {"hen C Rgm(T)“L) such
that
DA+ Z v, =1, forallveN,
€Q PELoo(T)

and

(0,0) = w*- hm Z)\ (Aq, (¢*,q)) + Z vy (P, —1)
7€Q PElo(T) 4
By setting b** = 0 and by following the same steps as in the proof of (ii) in
the previous Theorem 15, one can obtain z** € X** such that 0 # 2™ €
D3 F(0,1)(0) = {0}, which constitutes a contradiction. Therefore Fp is
Lipschitz-like around (0,7). W

Remark 5 We may have D*Fp(0,11)(0) = {0} and Fp not Lipschitz-like
around (0,71), if the condition 0 ¢ clconvQ does not hold. For instance
consider the case of T = {to} and X = ¢y which is the Banach space of
bounded real sequences converging to 0, with the supremum norm. Then X* =
ty =01 (N) and X** = by, = oo (N). Let Q = {g € cy:q, >0, n € N} and
Q=1{¢cQ:l|ql,=1}. If aj, = ¢ = (%):O_l € (1, and by observing that

each ef = (0,...,0,1,0,...), with ef = 1 and all other ¥ =0, is in Q, it is easy
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to see that 0 € cleonv @, i =1 € Fp(0), and ¢* = 0 ¢ int (dom Fp), which
implies that Fp is not Lipschitz-like around (0,1). Nonetheless, we can show
that D*Fp(0,11)(0) = {0} . Indeed, if ** € D*Fp(0,[1)(0), then by Lemma 12
there exists a net {(qy, py fren C @ X Loo(T), such that

v =w'-lim g, (41)
0=w"-lim (Ag, +p,),

0=l (& a)-

From 0 = lim,en (¢*, qv) = limyen Yooy 221, it follows that lim,ep gy = 0

for any positive integer k. Now, if x** = (x3*)32,, then (41) gives that x}* =

<ek,m**> = lim,cpn <ek,qy> = lim,en ¢ = 0. Therefore 2** = 0, and hence

D" Fp(0, #)(0) = {0}.

In order to get an estimate of the exact Lipschitzian bound for Fp around
(0, 1), lip Fp(0, 1), recall that

dist *
lip Fp(0,7i) = limsup .1s (M’F[_)SC ) .
(e*, w)— (o, ) dist (c*,]:D (u))

The extended Ascoli distance formula

dist (u, Fp(c*)) = sup m

— (42)
(b**, a)ecl* Cp(c*) Hb H

holds true when Fp satisfies the strong Slater condition at ¢*, by an straight-
forward application of Lemma 4.3 in [8]. On the other hand we can show a

lower bound for dist (c*, Fgl(u)) .

Lemma 17 Suppose that ||q|| < R for all q € Q. Let ¢ € X* and p € loo(T)*
be such that (c*, ) & gph Fp and Fp'(i) # 0. Then

dist (c*, Fp' (1)) > R7" sup[— (u, Ag) + (& + ¢",¢)], > 0. (43)
qeQ

Proof. Since F,' (1) # 0, we have that (—p, ) < 1, for all p € (o(T), and
Fp'(p) = {d € X" | (1, Ag) — (", q) — (d",q) > 0, for all g € Q}.

Take any d* € F5'(11), then (remember that 0 < ||¢|| < R for all ¢ € Q)
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le" = d"[| = sup |(c",x) — (d", z)]

[lzlI<1
> sup (<c*, R_1q> — <d*, R_1q>)
q€Q
>R~ sup (", q) — (u, Ag) + (¢", ) -
qeQ

Furthemore, since ¢* ¢ Fp(u) there exists gy € Q such that
- <:ua Aq0> + <6* + 0*7 q0> > 0.

Therefore

dist (", Fp' () = inf [|lc" — d”|
d*eF-t

e-7:[) (1)

> R~ sup (= (u, Ag) + (& + ¢*,¢)) >0,
q€Q

which implies (43). ®

The next result shows that indeed the situation of the exact Lipschitzian
bound for Fp around (0, i) is similar to that of || D*Fp(0, i)|| in Theorem 15.

Theorem 18 Assume condition (A) and let i € Fp(0). Then:
(7) If i is a strong Slater point of Fp at 0, then lip Fp(0, 1) = 0.
(17) If @i is not a strong Slater point of Fp at 0, then

rA < lip Fp(0, i) < RA,

where
A=sup {[I5 |7 (0, (1,67)) € " Cp (0)}

Proof. We will split the proof in two cases:

e Fp does not satisfy the strong Slater condition at ¢* = 0. Then (i) cannot
occur, and with respect to (i) observe that condition (A) and Proposition
10 implies that Fp is not Lipschitz-like around (0, zz) and (0,0) € cI* Cp (0) .
Hence

lip Fp(0, 1) = oo = sup {[[b™[| "+ (b, (1, b)) € eI Cp (0)} .

e Fp satisfies the strong Slater condition at ¢* = 0. In this case another
application of Proposition 10 gives that 0 € int (dom Fp) and hence Fp is
Lipschitz-like around (0, 1), so lip Fp(0, 1) < oo. Now choose any sequence
{(c;, ,uj)} that converges to (0, i), such that ¢} € int (dom Fp) for all j (thus
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Fp satisfies the strong Slater condition at ¢} as well), and

dist (., Fp(ct
i o 0,7) = tim 2t F2()
7= dist (c;‘f, ]—"Bl(uj))

(i) Suppose that [ is a strong Slater point of Fp at 0, and let ¥ > 0 be such
that

inf {(z, Aq) — (¢",¢)} =¥ > 0.

qeQ

where

o 1| <

__9
4R’ 1(1+M)R>

M = supyer ]| < oo.
If 1; does not satisfy the condition p; > 0, then Fp'(1;) = 0 and so

dist (uj,}"p(c;‘f)> _
dist (c}f,fgl(uj))

In the case when p; > 0, then for any ¢ € @

{n; Ag) — (¢ +¢ q>

implying that p1; € Fp(c}) and so dist (p],}"p( )) = 0. Thus lip Fp(0, 1) = 0.
(#7) Suppose that fi is not strong Slater for Fp at 0. Since gph Fp is convex
we may apply Proposition 1.37 and Theorem 1.44 in [28] to get that

Hence from Theorem 15 we obtain
0 <7 max {|[b" || 7" s (b™ (@b ) € " Cp (0)} <lip Fp(0,71),  (45)

where 7 is the constant in (34).

Consider a sequence {(c}f, uj)} as above with yu; ¢ Fp(c;) and Fp'(p;) # 0
(which gives p; > 0). From now on the proof follows as the proof of Theorem
4.6 in [8]; actually we need to consider any (b**, ) € cI* Cp (cj) and choose
any net in Cp (c ) that w*-converges to (b**, a) to show, after some algebra
together with (43), that

o = {j1;,0™)

R.
dlst( Fp (,u])) =
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Then use this inequality and the Ascoli distance formula (42), to get

dist (uj, ]—"D(c;f)>
dist (c;f,]:gl(,uj»

< R sup{ b7 (b a) € " Ch(c) )}

where

CH(c;, i) == {(b**,a) ecl"Cp (c;‘) to— <,uj, b**> > O},

and, by letting ;7 — 0o, we obtain

lip Fp(0, 1) <limsup R sup{||b**||71 (0 a) e Cg(c;,uj)}.

j—o0

Finally we follow exactly the steps in the cited Theorem 4.6 to get the desired
estimate

lip Fp(0, 1) < R max {7 " : (b, (7,6™)) € " Cp (0)
which completes the proof in view of (45). H

Example 3 An application of this theorem and (44) to the data in Example
2 by taking Q = Q?, gives lip Fp(0, 1) = /2 because /2 = |D*Fp (0, 1)|| <
lip Fp (0, /1) < Ry max {[|b*[| "+ (b, (1,6 )) € cl CB} = V2.

The last theorem in the paper provides an estimate of the diference be-
tween lip Fp(0, 1) and |[|[D*Fp(0, )| which is an inmediate consequence of
the results above, as well as a technical assumption guaranteeing the equal-
ity between both. So, the situation for the dual is much more involved than
in the case of the primal problem where the equality between both con-
stants always holds (Theorem 8) as a consequence of the fact that Fp' is
a perfectly regular mapping (see Proposition 5 in [19]). The upper bound for
lip Fp(0, 1) — || D*Fp(0,11)|| given next depends on the cone constraint pro-
vided by @, and the characteristic set Cp (0) corresponding to some special
spanning closed set Q. This estimate is described in the following corollary.

Theorem 19 In relation to the dual feasible set mapping Fp the following
two statements hold:

(1) Assume condition (A) and suppose that Fp satisfies the strong Slater
condition at ¢* = 0. Let i € Fp(0), then there are constants v and R, 0 < r <
R, which only depends on the cone ), such that

0 <lip Fp(0,71) — || D*Fp(0, i)||

<
< (R —r)ymax {[[b™] 7" : (6™, (@,b™)) € " Cp (0)}.
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(i1) If Fp' (€so(T)%) has nonempty interior for the norm topology in X* and
{acQ: |l =1} (46)
18 w*-closed in X**, then
lip (0, 72) = [[D"Fp (0, p)] - (47)
Proof. (i) It is a straightforward consequence of Theorems 15 and 18, and
the fact that ||D*Fp(0, )| < lip Fp(0, &) by (44).

(41) Remember that Fp,' : (o (T)* = X* is defined through

_ A'p—e+Q° ifp=>0,
«7:D1(N) =

0, otherwise.

Since gph Fp," is convex and we are assuming that F' (£ (7)) has nonempty
interior for the norm topology in X*, we may apply Proposition 5 in [20] to
see that this mapping is perfectly regular and so, (47) holds.

Observe that the set {g € Q : ||¢]| =1} = QN {z™ € X* : |2™| = 1} is
w*-compact in X** by Alouglu theorem.

Suppose that i € Fp(0) and take (0**, 2**) € {o(T)** x X** such that
Sephrh—oy (0 77) = M < 400 and [l =1, (48)

\(Nher)e S(gph F)—(0) is the support function of the convex set (gph Fp') —
11, 0).

Since 0 € Fp'(ji) there must exist ¢* € Q° such that
0=A%0—-7c+q",
and the first condition in (48) reads
(p— 1,0y + (A (p— ) + ¢ — @, 2™y < M for all 4 >0 and all ¢* € Q°.
Taking p = i yields
(q*, ™)y < (7", ™) for all ¢* € Q°,
ie,
e n{z™ e X 27 =1} =Qn{z™ € X™: ||z = 1},

and Proposition 5 in [20] applies. ®
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Remark 6 Condition (46) is automatically satisfied if X is the Euclidean
space. In the infinite-dimensional setting, (46) also holds for instance when
X is reflexive and Q is finite-dimensional (for instance, finitely generated).
Also in this case, Fp" (loo(T )%.) has nonempty interior for the norm topology
in X* when int Q° is non-empty, and this is implied by the existence of a
compact base for Q.

Example 4 Revisiting Example 1 where 1 = R = 1, we can conclude from
part (i) of this last theorem that lip Fp(0, i) = || D*Fp(0, )] -

Example 5 This ezample shows that the equality (47) may hold even when
r # R and the set (46) is not w*-closed in X**. Consider X = ¢y the Banach
space of bounded real sequences converging to 0, with the supremum norm.
Then X* =4, =, (N) and X** =l =l (N). Let

Q={q€co: 21 >¢, >0, neN} and Q={q€Q:|lql,=1};

1*=(1)7 ;€ cl*Q, so this set Q is not w*-closed in lo. Furthermore when-
ever ¢ € Q, then q, = 1 for at least one n € N, and <q@p <1l Ifzx*=e:
(1,0,...,0,...) € {1, then (z*,q) = q1 > 2 5 for any q e Q. Indeed r = % is the
largest 7 we can choose to satisfy (z*,q) > r for some z* € {1, ||z*||, = 1, and
for all q € Q, because for ¢* € Q, keN, k =+ 1 defined by q’f = ;,q’,j =1,
and qF = 0 otherwise, it holds that <z*, qk> =213 Ltz - 212 < 5. Now con-
sider T = {to} and put aj = a* = (2;—_11)20_1 € (1, also fix e = a*. Observe
that Lo (T) = loo (T)" = o ( )™ = R. Then p = 0 is a strong Slater point
for Fp at ¢* =0, while i = 1 € Fp (0) is not strong Slater. The characteristic
set is given by

{((a*,q) ,(a*,q) 1 0 € Q}

U{(p,-1):p€R, p>0}

Cp (0) = conv Cc R?;
and by taking into account that —2 < —q; — 1 < (a*,q) < —q1 < —% for any
q € Q, an application of Theorem 15 gives

1D Fp(0, )| < sup {16 |7 = (5, (7, b)) = (b, 6™) € eI Cp (0)} =2
(49)
(Here R = 1). Also lip Fp(0,71) < 2 because of Theorem 18. On the other
hand, from Theorem 13 we can see that for each k € N, k # 1, " defined by

1
7 =1- o1 qiﬂ = 27", and ¢* = 0 otherwise,

belongs to D*Fp(0, i) (bk), where bF = <a*,qk>. Since ‘bk‘ = ‘<a*,§k>’ =
1 — 5r < 1, we obtain that
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1D Fp (0, )| =sup {[|="[| : 2* € D*Fp(0, 1) (0™ ), b || <1}

> |2 = ., =2 (1~ 5)-

By letting k — oo and in view of (49), it follows that ||D*Fp(0,n)| = 2.
Finally, by (44) ||D*Fp(0,p)| < lipFp(0,1) < 2, therefore we obtain the
equalities | D*Fp(0, )| = lip Fp(0, 1) = 2.
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